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Abstract. We prove a general comparison result for nomotopic finite p-encrgy 
C p-harmonic maps u,v : M —> N between Riemannian manifolds, assuming 
that M is p-parabolic and N is complete and non-positively curved. In par- 
ticular, we construct a homotopy through constant p-energy maps, which turn 
out to be p-harmonic when N is compact. Moreover, we obtain uniqueness in 
the case of negatively curved N. This generalizes a well known result in the 
harmonic setting due to R. Schoen and S.T. Yau. 



In the mid 1960's, J. Eclls and J.H. Sampson extended the notion of harmonicity 
from real- valued functions to manifold- valued maps, jESj . The topological relevance 
of harmonic maps, already visible in the seminal paper [ES[ . became clear in the 
works by P. Hartman, L. Lemaire, R. Hamilton and others authors. See e.g. |Har| . 
[EL] . [Ham]. Notably, R. Schoen and S.T. Yau developed the theory and topologi- 
cal consequences of harmonic maps with finite energy from a non-compact domain, 



A natural extension of the concept of a harmonic map is that of a p-harmonic map. 
To this end, a great deal of work has been done by B. White, [Whj . R. Hardt 
and F.-H. Lin, [HL], and S.W. Wei, [We2j . [Wei] , In particular, it is known that 
p-harmonic maps give information on the higher homotopy groups, and on the ho- 
motopy class of higher energy maps between Riemannian manifolds, [We2j . [PVj . 
In view of these topological links we are led to understand which of the well known 
results holding in the harmonic case can be extended to the non-linear setting. 
First, we recall that a C 1 map u : (M,(,) M ) —> (N,(,) N ) between Riemannian 
manifolds is said to be p-harmonic, p > 1, if its p-tension field r p u vanishes every- 
where, i.e. if u satisfies the non-linear system 



Here, du G T*M ® u~ 1 TN denotes the differential of u and the bundle T*M ® 
u~ 1 TN is endowed with its Hilbcrt-Schmidt scalar product (, ) HS - Moreover, — div 
stands for the formal adjoint of the exterior differential d with respect to the stan- 
dard L 2 inner product on vector- valued 1-forms. Observe that, when N = R, t p 
coincides with the standard p-laplace operator A p . Clearly, in general equality ([T]) 



1. Introduction and main result 



[SYI] . [SY2] . [SY3] , 
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has to be considered in the weak sense, i.e. 

/ (|du| p - 2 du,7/) =0 

Jm 

for every smooth compactly supported r\ € T(T*M ® u~ 1 TN). In case p = 2, 
the non-linear factor |dit| p_2 disappears and the 2-harmonic map is simply called 
harmonic. Furthermore, by standard elliptic regularity, a harmonic map u is nec- 
essarily smooth. 

When the target manifold N is compact with nonpositive sectional curvatures, the 
existence of a p-harmonic representative in the homotopy class of a given map has 
been proved by S.W. Wei, [Well . Namely, elaborating on ideas of F. Burstall, [Bj . 
he gave the following result, a detailed proof of which is contained in the next 
section. 

Theorem 1 (Wei). Let M be a complete Riemannian m- dimensional manifold and 
N a compact manifold with N Sect < 0. Then any continuous (or more generally 
W ,p ) map f : M — > N of finite p-energy, 1 < p < 00, can be deformed to a C 1,Q 
p-harmonic map u minimizing p-energy in the homotopy class. 

According to Theorem [1] p-harmonic maps can be considered as "canonical" 
representatives of homotopy class of maps with finite p-energy. Hence, one is natu- 
rally led to investigate such a space, in particular inquiring how many p-harmonic 
representatives can be found in a given homotopy class. 

A first uniqueness result in this direction was obtained by Wei, |We2| . for smooth 
p-harmonic maps defined on compact M, generalizing a previous result for p = 2 
due to P. Hartman, jHarj . An interesting task is then to detect similar results 
for complete non-compact manifolds. In the harmonic setting, the most important 
result is represented by the following celebrated theorem due to Schoen and Yau, 
[SY2] . [SY3] . 

Theorem 2 (Schoen- Yau). Let M and N be complete Riemannian manifolds with 
VolM < 00. 

i) Let u : M —> N be a harmonic map of finite energy. If N Sect < 0, there's 
no other harmonic map of finite energy homotopic to u unless u{M) is 
contained in a geodesic of N . 

ii) // N Sect < and u,v : M — > N are homotopic harmonic maps of finite 
energy, then there is a smooth one-parameter family u t : M —> N , of har- 
monic maps with u$ = u and u\ = v. Moreover, for each q £ M , the curve 
{u t (q) : t £ M} is a constant (independent of q) speed parametrization of a 
geodesic. Finally, the map M xl — > N given by (q,t) 1— > u t (q) is harmonic 
with respect to the product metric on M xl. 

Theorem [5] has been subsequently improved by S. Pigola, M. Rlgoli and A.G. 
Setti replacing the finite volume condition VolM < +00 with the parabolicity of 
M, [PRSj . We recall that a manifold M is said to be p- parabolic if any bounded 
above weak solution tp of A p (p > is necessarily constant. It is well known that 
this is just one of the several equivalent definitions of p-parabolicity; see |Hoj . [T] . 
jPSTj and Theorem |4] below. Moreover, a 2-parabolic manifold is called simply 
parabolic. 

As a matter of fact, an inspection of Schoen and Yau's proof shows that they 
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strongly use the property of (2-) harmonic maps to be (2-)subharmonic, once com- 
posed with a convex function. It turns out that, in general, this is not true if p 7^ 2, 
(V) . Hence, one is led to follow different paths in order to to deal with the non-linear 
analogous of Schoen and Yau's result. In this direction, some progresses in the spe- 
cial situation of a single map homotopic to a constant has been made in |PRSj . 
where the authors managed to overcome the bad behaviour of the composition of 
p-harmonic maps with convex functions introducing special composed vector fields 
and applying to this latter a global form of the divergence theorem in non-compact 
settings, due to V. Gol'dshtein and M. Troyanov, which goes under the name of 
Kelvin- Nevanlinna-Royden criterion, |GTj ; see Theorem [4] below. The first attempt 
to consider two non-constant maps has been made in |HPV| . In that paper, the case 
N = R™ has been considered. According to [PRS] ■ if M is p-parabolic, then every 
p-harmonic map u : M — > R™ with finite p-encrgy \du\ <G L p (M) must be constant. 
However, using the very special structure of R™ the authors were able to extend 
this conclusion obtaining that two finite p-energy maps u, v : M — ¥ R™ differs by a 
constant provided r p u = t p v. Since R n is contractible, in this situation all maps arc 
trivially homotopic. Consequently, this result can be seen as a special case in the 
comprehension of general comparison theorems for homotopic p-harmonic maps in 
the spirit of Theorem However, though the procedure is non trivial due to the 
non linearity of t p , thanks to the good properties of R™, i.e. in particular the stan- 
dard way to compare p-tension fields at different points through their difference, the 
problem in |HPVj was somehow reduced to that of a single map. Nevertheless, it 
is worth noting that in this case the Kelvin-Nevanlinna-Royden criterion has been 
used in his full power in the sense that the the vector field X introduced has a 
non-trivial negative part. This leads to employ a new limit procedure which turns 
out to be useful in our investigation; see also Theorem 15 in [VVj . 

The main achievement of this paper is the following very general comparison 
result for homotopic p-harmonic maps which represents an analogue of Theorem [2] 
for p > 2. 

Theorem A. Suppose M is p-parabolic, p > 2, and N is complete. 

i) // N Sect < and u : M — > N is a C 1 p-harmonic map of finite p-energy, 
then there's no other p-harmonic map of finite p-energy homotopic to u 
unless u(M) is contained in a geodesic of N . 

ii) // N Sect < and u,v : M —} N are homotopic C 1 p-harmonic maps 
of finite p-energy, then there is a continuous one-parameter family of maps 
u t : M — > N with uq = u and U\ = V such that the p-energy of Ut is constant 
(independent oft) and for each q € M the curve t i-> Ut{q), t £ [0, 1], is a 
constant (independent of q) speed parametrization of a geodesic. Moreover, 
if N is compact, u t is a p-harmonic maps for each t £ [0, 1]. 

Acknowledgement. This work forms part of the author's doctoral thesis. The 
author is deeply grateful to his advisor Stefano Pigola and to Alberto Setti for their 
constant encouragement and their useful advice. 

2. Proofs of the results 

Since the arguments in |Welj are only sketched, and since the proof of this result 
plays a key role in the development of the paper, we provide a detailed proof of 



4 



GIONA VERONELLI 



Theorem [TJ To this end, we adapt to the case p > 2 the proof given by Burstall for 
P = 2, 0. 

Proof (of Theorem^). For the ease of notation, throughout all the proof we will 
keep the same set of indeces each time we will extract a subsequence from a given 
sequence. 

Consider an exhaustion {Mk}j? =1 of M, i.e. a sequence such that, for each k, M k 
is a compact manifold with boundary, M k CC M k +i and U^ijMfc = M. Define 
Hf as the space of (M, iV) maps u such that u|A/ fc and f\hi k have the same 
1-homotopy type, i.e. 

Hf := {v G W?*(M,JV) : Vfc > 1, (t)| M J, is conjugated to (/|mJj}- 

First, we point out that is well defined since any map g £ W 1 ' P (M' , N) de- 
fined on a compact m-dimensional manifold M' induces a homomorphism g$ : 
ni(M', *) — > tti(N, *) as follows. Given a generator 7 for 7Ti(M', *), we consider a 
tubular neighborhood T C M' of 7 in M such that ^ : S 1 x J™ -1 — >. 7 1 is a smooth 
immersion, where J" 1-1 is the unit (m— l)-cell, and define 7 s : S 1 — > Af as 7 S (-) := 
s). Since M' is compact and p > 2, by Holder inequality g £ W 1,2 (M' , N) and 
Proposition 2.3 in [Bj ensures that there exists Z™" 1 C I" 1 " 1 such that I m ~ 1 \I g n ~ 1 
has measure zero and, for all s, s' G I™ 1 , g is continuous on 7 s and ff(7 s ) is ho- 
motopic to g(j s ). Consequently, for each 7 G 7Ti(M', *) and so G Ig 1 ^ 1 we can 
set 

5»[7 S0 ] = [5(7 S0 )] 

on the generators, and extend g$ so that it is a group homomorphism. By the 
above considerations, g$ does not depends on the choice of so £ I™" 1 , while by 
Proposition 2.4 in [B] g$ is also independent of the choice of the generator. 
Since f £ Hf , Hf is non-empty and 

If := inf E p (v) < +00. 

v£H f 

Here £" p denotes the p-energy functional defined as 

E p (v) :=- f \dv\ p dV M . 
P Jm 

Let {vj}°%i C Hf be a sequence minimizing p-cnergy in Hf, i.e. E p (vj) — > If 
as j — >• 00. Choosing a subsequence if necessary, we can suppose E p (vj) < 21 f 
for all j. Fix k £ N and consider the sequence {vj\M k }^i- Let i : N <— >• K 9 
be an isometric immersion of TV into some Euclidean space. Since i(N) C R 9 
is compact and {E p (vj)}j± 1 is bounded, {Vj|jVf fe }£Li is bounded in W 1,p {M k , W) 
and, up to choosing a subsequence, Vj\M k converges to some v^ k > £ W 1 ' p (M k ,N) 
weakly in W 1,p , strongly in L p and pointwise almost everywhere. This implies 
v ( k ) £ W l ' p {Mk, N). By the lower semicontinuity of E p we have 

(2) E p (v^) <\immiE p (v 3 \ Mk )- 

We want to show that the homomorphism on fundamental groups induced by Vj \ M k 
is preserved in the limit Vj\M k — > v( k > . As above, choose a generator 7 for some fixed 
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class in tt\ (Mfc , *) and consider the relative tubular neighborhood ip : S 1 x I m 1 — > T 
and set II! 1 ^ 1 . For a.e. s € Z,™ -1 there exists a number if s such that 

(3) / \dvj(t,s)\ 2 dt < K s 

for infinitely many j. fn fact, if by contradiction we assume there exists a set 
I' C I™" 1 of positive measure such that 

\dvj(t,s')\ 2 dt ->• oo, Vs'gI', 
then by Holder inequality, Fubini's theorem and Fatou's lemma we would have 
(21/) » (Vol^ 1 x J™- 1 ))^ > liminf / ^-(i, s)| 2 cft/ S i x/m -i 



> liminf / / |c%(i, s)pdids 

j-HX> J j, Jgl 

> / (liminf / \dv 3 ;(t, s) \ 2 dt ) ds = +oo. 
Jp V J^ 00 Js 1 / 

So ([3l) is proven. The one dimensional Sobolev and Kondrachov's embedding the- 
orems (e.g. PQ, p. 53) states that there is a compact immersion W 1 ' 2 (S 1 , N) 



C°(S 1 ,A f ). By ([3]) and the compactness of N, Vj(-,s) is uniformly bounded in 
W 1 ' 2 (S 1 ,N) so that for a.e. s £ jm-i we g e j. a su bsequence Vj converging uni- 
formly on 7 s . Thus, for a.e. s £ I™-- 1 there is j such that Vj(j s ) is uniformly close 
to, and hence homotopic to, i/ fc )(7 s ). Hence 



(4) (vW) r (f\ Mk ) v 

Using standard diagonal arguments we can choose a subsequence of Vj which, for all 
k, converges to v^ k ' £ W 1,p (Mk, N) weakly in W 1,p , strongly in L p and pointwise 
almost everywhere. The map vq : M — > N which, on Mk, takes values foU/ fc = v' k ' 
is well defined. Indeed, by pointwise convergence, v^ k ' and ?/ fc+1 ) agree almost 
everywhere on Mk- Now, v £ W^(M, N) and by (j4|) we get vq £ Hf. It follows 
from ([2]) and the uniform boundedness of E p (vj\M k ) that 

If < E p (v ) = lim E p (v \ Mk ) = lim E p (v [k) ) 

k— >oo k^roc 

< lim liminf E p (vj \ M k ) < liminf E p (vj) =2T/, 

k— yoo j—too j-^oo 

so that E p (vq) = I/, i.e. vq minimize the energy in Jif. 

We are going to show that vq £ C 1 '" and, hence, a p-harmonic map. To this end, 
we recall some definitions. A map v £ W 1,P (M, N) is said to be p-minimizing on 
e-balls if E p (v) < E p (w) for any w £ W 1,P (M, N) which agrees with v outside some 
ball B r of radius r < e, that is, if v = w on M \ B r and (v — w)\B r £ Wq ,2 (B t , N). 
Moreover, a map ip : S ' — > N is said to be a p-minimizing tangent map of if its 
homogeneous extension ip to R l+1 given by 

$(x) := V ( t^J , Vx^O, 

minimizes the p-energy on every compact subset of As observed in |SUj for 

p = 2, when restricting to §' the p-energy of %p splits in one component tangential 
to §' and one component normal to §' which vanishes by homogeneity. Then ?/> is 
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p- harmonic in R +1 if and only if tp is p- harmonic on S . Since ip is a p-harmonic 
map defined on §' with values in TV, which is compact and non-negatively curved, 
Theorem 1.7 in |We2j implies ip is constant, thus proving that TV admits no non- 
trivial p-minimizing tangent maps of I sphere for every I > 1. On the other hand, 
choose e to be less than half the width of the tubular neighborhhoods about the 
generating curves of various ttx(M, *) (e may vary according to the element of 
tt\(M) considered, but this is not important due to the local nature of the regularity 
results). Then, if w £ W 1 ' p (Mk, N) agrees with vo\M k outside some e-ball, we can 
extend w to w <E W^(M, N) by setting w = vq on M \ and it is clear that 
w € Hf. Thus 

Ep(v \ Mk ) + E p (v a \ M \M k ) = E p (v ) < E p (w) = E p (w) + E p (v \M\M h ), 

giving that vq is p-minimizing on e-balls. At this point we can apply a regularity 
result by Hardt and Lin (see Theorem 4.5 in |HLj ) which gives that vq is C 1,a 
on Mk for each k, so vq <G C l ' a {M, N) and is therefore p-harmonic since locally 
p- minimizing. 

It remains to prove that vq is nomotopic to /. Since N has non-positive sec- 
tional curvatures, N is K(tt, 1), i.e. each homotopy group 7Tfe(iV) of N is trivial for 
k > 1. A standard result says that, in this case, for every compact manifold M' the 
conjugacy classes of homomorphisms from %i(M') to Tr±(N) are in bijective corre- 
spondence with the homotopy classes of maps from M' to (see e.g. [S] p. 428). 
Thus, the continuous elements of "H/, and in particular vq, are all nomotopic to / 
on compacta. Finally, to conclude that vq and / are homotopic as maps from M to 
N, we use the following result attributed to V.L. Hansen; see Theorem 5.1 in (BJ. 
We are grateful to professor Fran Burstall for suggesting us the proof Theorem [3l 

Theorem 3 (Hansen). Let M,N be connected C —W complexes with M countable 
and N a K("k,\). Let f,g : M — > N be maps that are homotopic on compacta. 
Then f,g are homotopic as maps from M to N . 

□ 

We now come to the proof of Theorem |XJ This combines the techniques in- 
troduced by |SY3j . |PRSj and [HP Vj . We consider two non-constant homotopic 
p-harmonic maps u, v : M N. Since we have no way to compare the two maps in 
a standard way we proceed as in |SY3j , i.e. we consider the map (u, v) : M — > NxN 
and the distance function on N, and their lifting to suitably chosen covering spaces. 
Nevertheless, the ideas of Schoen and Yau can not be applied directly. Due to the 
bad behaviour of the composition of p-harmonic maps and convex function (by the 
way, we note that while for p = 2 the map (u, v) is harmonic, the same does not 
hold if p > 2), we are led to introduce special vector field X as in |PRSj and apply 
Kelvin- Nevanlinna-Royden criterion. As in [HPVj , here the criterion has to be ap- 
plied in its full strength since div X has a non-trivial negative part. Indeed, div X 
will depend on the Hessian of the distance function on A, but for p > 2 the Hessian 
has to be valued in two different direction, which forces to have a negative part. 
Moreover, since a direct application of the second variation formula for arclcngth 
does not suffice, this is obtained through some further computations, see Theorem 
|6] below. Obviously, throughout all the proof, we have to keep in account the low 
regularity guaranteed for the p-harmonic representatives. 
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Proof (of Theorem\^j. We begin by recalling the following interesting characteriza- 
tion of p-parabolicity due to |GTj which will be useful later. It goes under the name 
of Kelvin-Nevanlinna-Royden criterion and was previously proved by T. Lyons and 
D. Sullivan for p = 2, [LS] . 

Theorem 4 (Gol'dshtcin- Troyanov). A complete Riemannian manifold M is p- 
parabolic if and only if every vector field X on M such that 

(a) \X\ G LT^ (A/) 

(b) div AT G Lj oc (M) and min (divX, 0) = (div AT)_ G L 1 (M) 
satisfies necessarily > J M div XdVyi- 

Now, let u and v be two C 1 p-harmonic maps from M to N which are freely 
homotopic, and such that \du\, \dv\ € L P (M). Let P M : M -> A/ and P N : N ^ 
N be the universal Riemannian covers respectively of M and AT. Then 7ri(M, *) 
and 7Ti(iV, *) act as groups of isometries on M and A^ respectively so that M = 
M/m(M, *) and Af = N/ni(N, *). Let dist^ : Af x Af — > R be te distance function 
on iV. Since ^ Sect < 0, we know that distjy is smooth on N x N \ D, where D is 
the diagonal set {(x,x) : x G A/"}, and dist 2 ^ is smooth on N x N. Now tti(N, *) 
acts on N x N as a group of isometries by 

P(x,y) = (p{x),P(y)) for /3 G tti(N , *). 
Thus dist a induces a smooth function 

r 2 : A> x/ R, 

where we have defined 

N x/ -~Nx N/m(N,*). 

Let J7 : M x [0, 1] — > N be a homotopy of u with u so that U(q,0) = u(q) and 
U(q, 1) = for all q G M. We choose a lifting U : M x [0, 1] ->• AT, and call 
U(q, 0) =: and f7(g, 1) =: -5(g) for all q G M. This defines liftings u,v of u, v 
and, since Riemannian coverings are local isometries, u and v are p-harmonic maps 
and 

\du\(q) = \du\(P M (q)), \dv\(q) = \dv\(P M (q)). 

Now, 7Ti(M, *) acts as a group of isometries on M and we have 

(5) u(j(q)) = u t (j)u(q), v("f(q)) =v t (j)v(q), Vg G M, 7 G Ttx(M, *), 

where : tti(M, *) — > iti(N, *) are the induced homomorphism and itj = uj 

since u is homotopic to v. 

Thus, the map j : M — > A~ x N defined by j(x) := (u(x),v(x)) induces by (0 a 
map 

j:M^N x/ . 

Furthermore, we can construct a vector valued 1-form J G T*M <S) j~ 1 TN x ^ along 
j by projecting via §5$ the vector valued 1-form J G T*M ® j~ 1 T (^N x A^ along 
j defined as 

J := (K-p (u) ,K p (v)). 
From now on, the symbol JC P (u) stands for 

K-p (u) := \du\ p ~ 2 du. 
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Set fiA ■ [0, +00) — > R as tiA(t) := VA + t 2 for every A > 1 and define := 
1ia(t) £ C°°(N X /,R). Consider the vector field on M given by 



(6) 

Note that 
(7) 

where 

X 



X\ 



[dh A \j( q ) o J|, 



-VI 



i (9) 



o J 



?M o (dist^) : N x N 



We claim that ([7]) is well defined. To this end, let Sq £ TqM be an arbitrary vector 
and let q' £ P^{q) C TM. If q' ^ q, there exists 7 £ tti(M, *) such that q' = 75. 
Then, 

J| 7g -(d 7 (S?)) = (d [U|,(7)] (IC P (u) , d M 7 )] (X„ («) . 

Since it is nomotopic to v, lij = Wj. Moreover dist^ is equivariant with respect to 
the action of tti(N) on N x N, i.e. 



dist^(/3xi, /3i 2 ) = dist^(ii, x 2 ), V/3 G t:i(N), xi,x 2 £N. 



Then, 



d (dist 



N) \j(q) 



a J 



<oX\ 8 . 



is well defined, and consequently the same holds for cIPm \q ^ \ q- 
Now, we want to compute (in the weak sense) divX on M. We start with the 
following result, obtained with minor changes from a lemma of Kawai, [K] . 

Lemma 5. Consider C 1 p-harmonic maps u,v : M — > N and a smooth function 
h : N x N -> R. Then the identity 



(8) 



M + r ^Vx7V 



Hess/i|( Ui „) {{du,dv) , (/C p (u) ,/C p (i>))) 
M div [dh\( UiV ) o (/C p (u) , JC P (v))] " , 



/io/(fc weakly on M . 



Proof. Consider (u, v) : M — > N xN . Let 77 £ C°° (M, R) be a compactly supported 
function and define a vector valued 1-form ip £ T*M <8> (u,v)~ 1 T(N x N) along 
(u, v) as tp := D(rfVh\r a ,v))i that is 



NxNi 



' d{u,v)(V) 



NxN 



V/i|( U) „) 



for all vector fields V on M. Since m, v are p-harmonic, by the structure of Ric- 
mannian products we have that div (JC p (u) , K p (v)) = weakly on M, that is 



1 M 



(£, (£p (u),K.p («))) 



0, V£ G T*M (it, w) _1 T (JV x N) , 
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where (, } HS is the Hilbert-Schmidt scalar product on T*M <gi (u, w) _1 T (TV x TV). 
Hence, choosing £ = ip in this latter, we obtain 



0= / (</>, (/Cp (u) , /C p (u))) ffSx 



M 



(dr,(-) ® NxN Vh\ (UtV) , (fC p (u) , K p («))) 



L«"|(«,t)) u k^p W ' /v -p V y JTJ 

'Af 

A/ t „/iVx)Vy7 iVxJV, 

7 

'A/ 

which turns to be the weak formulation of ([5]). □ 

According to Lemma because of © and since it\{M, *) acts on M as a group 
of isometrics, we have that for all q G M and for any choice of q G P^ 1 (q) 



[dh\ M o{K p (u),K p («))] ( M Vr?) 
Af tr (^"v^.^^Vft^,,,), (/C„ (u) , /C p («))) ArxJV , 



(9) M divX| g = M divX|, = M div 



dh A \- m o J 



= *tr™HessMj w) (d~j,j) = M tr^/ BsB6h A \ m (dj,J) 
holds weakly on M. Observe that 

d^rr fdf 

(10) dh A - 

and 



VA + f 2 VA + 



r2 



m , JVx - / Hcssr 2 f 2 

w x/ Hess /i a = 7==^r - 71 ^TJ^ dr ® dr - 

2VA + f 2 (A + r 2 ) 3 / 2 

Then, in order to deal with divX, we want to compute 

(11) #*/ Hessf% (g) (dj, J) = ™ Hcssdist 2 ^ (dj, j) , ge P^(q). 

Theorem 6. Suppose TV is a simply connected Riemannian manifolds such that 
N Sect < and fix points u, v in TV. Let N r : TV x TV — > R be defined by N r(u, v) := 
N dist(u, v) and let X = X x + X 2 G T( u>v) N x TV, tm'f/i Xj, G T„TV and X 2 G T^TV. 
Then , for every p > 2, 

WxW Hess N r\ u v) (X, {\X l \^X 1 , \X 2 \^X 2 )) > 

and the equality holds if and only if there is a parallel vector field Z , defined along 
the unique geodesic j uv joining u and v, such that Z{u) = X\ , Z(v) = X 2 and 
( N R{Z, T)T, Z) N = along luv . Moreover, d( N r)(X) = 0. 
In particular, if N Sect < 0, Z is proportional to T . 

Wc begin with the following lemma 

Lemma 7. Consider a Riemannian manifold Q and a function f G C 2 (Q,R). Let 
q G Q and X, Y G T q Q. Let r\x '■ [-f , f] — > Q be the constant speed geodesic s.t. 
Vxifi) = q and rjx(0) = X. Moreover, define Y s G T I?X ( S )Q as the vectors obtained 
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by parallel translating Y = Yq along rjx, and let rjy 



geodesic s.t. T?y (0) = r)x{s) and ^'(0) 

d 2 



: [-5,6] 
Then 



be the constant 



Q 



Hess/| 9 (X,F) 



dsdt 



Proof. We have 
d 2 



dsdt 



since V^c^Xs 







dt. 



□ 



_9 

t=o 9s 

= (v, )x ( S )V/,r s )| s=0 + <v/,v, A . (s) r s )| s=0 

= (VxV/,F) = Hess/| g (X,F), 

>jx(s)^s = by construction. 

Proof (of Theorem^. As above, for the ease of notation, for each vector field £ we 
set k p (0 := |£| p-2 £. Define the vector field Y G T( U)t)) JV x AT as F = (Fi,F 2 ) = 
(kp(Xi), k p (X2))- Let D be the diagonal set 

D := {(iti.ui) : ui £ N} C N x N 

so that w r is smooth on N x N \ D, N r 2 is smooth on N x N and for every pair 
(u,v) G N x N \ D there is a unique shortest geodesic from zt to u. We call j u>v 
such a geodesic parametrized by arc length. 

Let a x : [— e, e] — > N x N, be the constant speed geodesic on N X N satisfying 
cr x (0) = (u,v) and & x (0) = X = (Xi,X 2 ). We then have a x = {(jf ,a x ) where 
a x and cr^ are geodesic on N satisfying cr x (0) = u, <r x {0) = v and cr x (0) = X,*, 
i = l,2. As in Lemma [3 let Y s be the vector field along a x obtained by parallel 
transport of Y and let a^' Y : [—5, 5] — s- TV x N be the constant speed geodesic s.t. 
a^- Y (0) = a x (s) and a^ sYY (0) = Y s . As above we can split a^' Y in two geodesic 



of N, i.e. cr( 



[0,JJ] -> A 



Set i? := r(u,v) and, for each couple of points 2/1,2/2 G A let J yi ,y 2 
be the (unique) constant speed geodesic joining 2/1 and 2/2 • 

At this point, we can consider a two parameters geodesic variation of 7 Uj „ defining 
a : [0, #] x [-e, e] x [-5, 5] -> TV as 

a(/,z, W ) :=7 ff W.r (w)>(r M,v (lo) (i). 

We now define the variational vector fields 

Z(t) := Z(t,0,0), W{t) 

Here, we are using the notation 

d 



Z(t, z, w) :- 



a(t,z,w), W(t,z,w):- 
W(t,0,0), 



dw 



a(t,z,w), 
d 



T(t) :=-«(/, 0,0) 



7«, «(*)• 



o(t,«,w) := rfa| ( t >z>w) (J^ 



*|-(o.|.o)^([oj] 



-e,e x 



-5,5]). Since both the one parameter 



variations a(t,z,Q) and a(t,Q,w) are geodesic variations, we have that Z and W 
are the corresponding Jacobi fields along j U)V . Then they satisfy 

Z(0) = X u W{0) = Y 1 = k p (Xi) = fc P (Z(0)) , 
Z(R) = X 2 , W{R) = Y 2 = k p (X 2 ) = k p (Z(R)) , 
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and the Jacobi equations 



V T V t ^ + N R(Z, T)T = = V T V t W + iV R(W, T)T. 



N ; 



For each z e [— e, e] and w £ [—6, 5], let 



L a (z,w) 



a(t, z, w) 



dt 



be the length of the geodesic curve t \— > a(t,z,w). By Lemma[7]we have 



^Hess^^F) 



d 2 



dzdw 

d 2 



dzdw 

d 2 



n I («),y / \ {*),y t w 



dzdw 



L a {z,w). 



z—w—O 



On the other hand, by the second variation of arc length (see }CEj . page 20) we 
have 



(12) 



d 2 



dzdw 



z—w—O 



L a (z,w)= (VzW(t,0,0),T(t) 



R 



(I 



{V T Z, V t W) n 

N t=0 Jo 

R ( N R(W 7 T)T, Z) N - I" T (Z, T) N T (W, T) N . 



We note that the vector fields Z and W arc defined along the map a. Accordingly, 
the covariant derivative at the first term on RHS of (fT2")l has the meaning, 



V^,0 J 0) = V 1 | a(too) (— a(t,*,0) 



First, observe that, by construction of a and due to the choice of the geodesies 
(Ti' Y (w) and a^ ,Y (w), we have 



v^w(o,o,oHv^(i?,o,o) = o, 
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which implies that the first term on RHS of ([12]) vanishes. Moreover, using the 
Jacobi equation for Z and the values of W at t = and t = R we can compute 



(13) 



/ {{VtZ,V t W) n -{ n R(W,T)T,Z) n } 
Jo 

= f {{VtZ,VtW) n + (V t V t Z > W) n } 
Jo 

= / T(\7 T Z,W) N 
Jo 



\t=R 



R 

T(V T Z,k p (Z)) N 



o 



f ' { (V T V T Z, k p (Z)) N + T {\Zr 2 ) (V T Z, Z) N + \Zr 2 \V T Z\ 2 } 
Jo 

\zr 2 ( n r(z,t)t, z) N + It (\z\ 2 ) t (\zr 2 ) + \zr 2 \v T z\' 



Since T is parallel, the Jacobi equation implies 

(14) TT(Z,T) N =T(V T Z,T) N 

= (\7 T \7 T Z,T) N 
= ( N R(T, Z)T,T) N = Q. 

Then 



(15) f R T{Z,T) N T{W,T) 1 
Jo 



N 

R 

{T ((W, T) N T (Z, T) N ) - (W, T) N TT (Z, T) N } 

((W,T) N T(Z,T) N )\lz§ 
((k p (Z),T) N T(Z 1 T) N )\ t =o 

R 

T((k p (Z),T) N T(Z ) T) N ) 



o 



R 



{T (\Zr 2 ) (Z, T) N T (Z, T) N + \Zr 2 (T (Z, T) N ) 2 } 
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(16) NxN Re S s N r\ [UiV) (X,Y) 



Inserting ([T3J and (|T5J) in ([12]) we get 

| Z |P-a {_ ("R(Z,T)T,Z) N + \V T Z\ 2 - (T(Z,T)J 2 } 
-T (|Z|p- 2 ) T (|Z| 2 ) - [ R T (|zr 2 ) (Z, T) w T (Z, 7% 



2 

We consider the three integrals separately. First, since \T (Z,T) N \ = |Vt^ t |, we 
have that the first integral at RHS of (|16p is equal to 

(17) ^ \Z\p~ 2 {|V T ^| 2 - ( N R(Z,T)T, Z) N ) , 
Jo 

where Z T and Z 1 - denote the components of Z respectively parallel and normal to 

T, and the integral is positive by the curvature assumptions on TV. 

As for the second integral, assume 2 < p < 4, the other cases being easier. We have 

(18) T (\Z\p- 2 ) T (\Z\ 2 ) = -2-^\Z\ A - p [T(\Z\ p - 2 )] 2 > 0. 

Finally, recall (fT4]) and note that this implies that T (Z, T) N is constant along 7 Uj „ 
and takes value 

(19) T{Z,T) It = l{{Z,T) N \ t=R - (Z,T) N \ t=Q ). 
On the other hand, we have that 

(20) dN r\ (u , v) (X)=d N r\ (utV) ((X 1 ,X 2 )) 

= dr v \jX 1 )+dr u \ v (X 2 ) 

= - (X u % tV (0)) N + (X 2 ,% !V {R)) N , 

where r u ,r v : N — >• E arc defined as r u (-) := N r(u, ■) and 7\,(-) := N r(-,v). Com- 
bining (HU) and ((201) WG S ct 

(2D 

which in turn implies 
(22) f R T{\Zr 2 )(Z,T) N T(Z,T) 



N 
R 







T (\Zr 2 (Z, T) N T (Z, T) N ) / \Zr 2 (T (Z, T) N ) 



,2 



R 



<-2 



14 



GIONA VERONELLI 



Moreover, reasoning as for (|2"l"|) . we compute 
(23 ) d Lip. [ \zr^Z,T) N } t ^ 



R 

d N r(X) 

— ^ — J > lu.vx'-'-) i N - - \™p (-"-ij , ru,v\vj/ jvj 

d N r(X)d N r(Y) 



](k p (X 2 ),%, v (R)) N -(k p (X 1 ),% iV (0)) 1 



R 

Combining ([TU), ([TT]). (|22l) and ((23j), we obtain 
^Hess^^Y) 



j* \Zr 2 {|V T ^| 2 - ( w i?(Z, T)T, Z) N } + \ £ T (\zr 2 ) T (\Z\ 
d N r(X)d N r(Y) | ^ d N r(X) ^ 2 J R lzr ^ 



R 

Finally, since 

Hess r 2 = 2r Hess r + 2dr ® c?r, 

recalling also (|T8|) . we get 

(24) ^Hess^^Y) 



2i? / |z| p - 2 {|v T ^ ± | 2 -( iV i?(^T)r,z) Ar } 

Jo 

R T (\Z\r- 2 ) T (\Z\ 2 ) + 2 ( rfJVr |i X) ) r>|P- 2 > 0. 



o i? 
This conclude the first part of the proof. Now, assume 

N * N Ke SS N r\ u , v) (X,Y) = 0. 

From (gl} we get that d N r(X) = 0, ( N R{Z ,T)T , Z) N = along ~/ u , v and, using 
also ((TU), 

\v T z\ 2 = \v T z ± \ 2 + \v T z T \ 2 = 0, 

that is Z is parallel along 7 Ul „. □ 

Recalling ([TT|l and applying Theorem [6] with N = N and, with an abuse of 
notation, X = dj we get 

Corollary 8. With the definitions introduced above, for all q € M , E q S T q M and 

for any choice of q G P^ [ 1 (q) and E q = [d(P/vf)|g] 1 (E q ) we have 



^x/Hess r 2 



(dj\ q (E q ),J\ q (E q ))>0 

3(1) 



and the equality holds if and only if there is a parallel vector field Z , defined 

along the unique geodesic j q in N joining u(q) and v(q), such that Z(u(q)) = 

du\ q (E q ), Z{v(q)) = dv\ q (E q ) and ( N R(Z, 75)7,7, Z) N = along j q . Moreover, 
d(diat^)(dj(E q )) = 0. 

In particular, if N Sect < 0, Z is proportional to 75. 
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We go back to the proof of Theorem El From ©, (fTTj) . applying Corollary 
and observing that 



< 



(^ + t 2)3/2 - 



< A- 1 / 2 , Vf > 0, 



we get 



(25) M dWX\ q = 



M tr^/Hcssf 2 !^) (dj q ,J\ q ) 



2y/A + r>(j{q)) 
f 2 U(q)) M 



tr 



(#1?) df \]( q ) ( J U) 



(A + f2(j( 9 )))3/2 

> flduifo) + | dt ,|( g )) (|du|f-i( 3 ) + \dv\*-\q)) 

> -2A- 1 ' 2 (\du\*( q ) + \dv\* (q)) , 

from which 

(26) (divX| 9 )_ < 2A- 1 ' 2 (\du\ p (q) + \dv\ p (q)) e L X {M). 



Moreover, since t/\/ A + t 2 < 1, f| X0[) implies 

(27) = < (Idur 1 ^) + l^r 1 ^))^ 

< 2^ (|du|P( g ) + H P (<?)) 6 L\M). 

For every T > 0, set 

M r = {?gtf: < T} and A/ T := M \ M T . 

From ([2"B1 and (|2"T)) . we can apply Proposition!?] to deduce that 



JM 



divX < 0, 



which by ([2~5j) gives 



(28) 



r 2 ti(l)) m 



tr 



> 



> 



> 



M (A + f2( j((Z )))3/2 

M tr^/Hessf 2 | j(9) (dj\ q ,J\ g ) 



df: \j(q) ( d j\q) dr\ j{q) (J\ q ) 



M 2^A + ^(j(q)) 

^tr*x/Hessf 2 |, (g) (dj\ q ,J\ q ) 



2^/A + r 2 (j(q)) 



1 



Mi.JV 



2VA + T 

The real valued function t i->- 
in (0, 2A) and satisfies 



tr^/Hessf 2 !^) (dj\ q , J\ q ) > 0. 



(A+t) 3 / 2 ^ as a §l°b a l maximum at t = 2 A, is increasing 



< 



(A + t)3/2 (A + t)V 
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Hence, up to choosing A > T /2, we have 



T 2 r 

- JaTtW Jm t 

Inserting ([29|) in ([28) we get 



AT 2 f 

^tr^/He 8 sf 2 | i(g) (di| g ,J|,)< 1 — = / (|du|* + |dtf) 



4/ Qdu\" + \dv\"), 



and letting A — ^ +00 this latter gives 



M tr^/Hcssr~ 2 | j(9) (dj| g ,J| ? )<4 / (|du|* + H>) . 

M T ./M t 

Since |dit|, S L P (M) we can let T — > +00, applying respectively monotone and 
dominated convergence to LHS and RHS integrals, thus obtaining 

(30) f M tr^x/Hessf 2 | j(9) (dj| 9 ,J| f; ) = 0. 

J M 

Fix an orthonormal frame {Ei}^Li f° r M. Then (|30|) gives 

Hessf 2 |, (9) -TO) = °. 

for all i = 1, . . . ,m and g €E M. At this point, applying again Corollary [5] implies 

d(dist^) ^du(E t ),dv(E,)j = d (dist^ o(u, 5)) (E 1 ^ = 

and, since span all TgM, we get that (distjy o(«, u)) is constant on M. 

Accordingly, for each q £ M the unique geodesic jg from u(q) to £(g) can be 
parametrized on [0, 1] proportional (independent of q) to arclength. We define a 
one-parameter family of maps Ut : M — > N by letting Ut(q) := Jq(t). Then we see 
that uq = u and u± = v. Corollary [5] states also that for each i = 1, . . . , m there 
exists a parallel vector field Zi, defined along 75 in N, such that Zi(0) = du\q(Ei), 
Zi(l) — dv\q(Ei) and ( N R(Zi, 7,7)75, Zij N = along 7^. In particular Z is a Jacobi 
field along 7^. By the proof of Theorem [S] it turns out that 

(31) Zi(t)= du t \ q (Ei). 

In fact, let Q : (— e,e) — >• A/, e > 0, be a smooth curve such that ((G) = E{. By 
definition of differential we have that 



d 

du t (E l ) = — 
os 



(«* C) (s) 



s=0 



On the other hand, since (u t o £) (s) = 7f( s ) (i), we get that dut(Ei) is the variational 
field of the geodesic variation 

(t,s) i-> 7 C(s) (t), 

then dut(Ei) is a Jacobi field along jg and, by the uniqueness of the Jacobi fields 
with given boundary values, (f3l"|) is proved. 

In the special situation N Sect < 0, for all q S M and i = 1, . . . ,m, the parallel 
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vector field Zi along 7^ has to be proportional to jq. Hence u(M) and v(M) have 
to be contained in a geodesic of N and projecting on M we get the proof of case i) 
of Theorem [A] 

In general, because of the equivariance property ([5]) and by the uniqueness of the 
construction above, for all 7 £ 7Ti(M, *) and t £ [0, 1] we have that 

(32) ut o 7 = /3 o ut, 

where (3 — 1*0(7) = ^5(7) £ Tf\{N, *). Thus we have induced maps Ut : M — > N for 
t G [0, 1] such that uq = u and u\ = v. 

Let 7 q (t) be the geodesic from u(q) to «((?) in M obtained by projection from 7^. 
Projecting Zi, which is cquivariant by (|3Tj) and (|32j) . the identity ([3Tjl implies dwt 
is a parallel vector field along 7 9 . Therefore, the p-energy density of u t 

p 

(m \ 2 

is constant along "f q for each q £ M and, consequently, the p-energies of Ut satisfy 

(33) E p (u) = E p (u t ) = E p {v), V* £ [0, 1], 

that is, every p-harmonic map of finite p-energy nomotopic to u has the same p- 
energy as u. 

Now, suppose N is compact. In case also M is compact, Corollary 7.2 in |We2j 
immediately implies u t is p-harmonic for all t £ [0, 1]. Otherwise, by Thcorcm[T]wc 
know that there exists a p-harmonic map itt ;00 £ T~L Ut which minimizes p-energy in 
the homotopy class of u t , which, by construction, is the same homotopy class of u. 
Applying (|33[) with v = ut,oo we have 

E p {u t .oo) = E p (u) = E p (u t ). 

On the other hand, if we assume that u t is not p-harmonic, for each e > there 
exists an e-ball B e such that u t does not minimize energy on B e . Namely, there 
exists a map u t _ e such that 

E p (u t ,e\B e ) < E p (u t \ Be ), 
so that extending u t ,t to all of M as 



it turns out that 



in B ei 
in M \ B c 



E p (u t ,e) < E p (ut). 

Moreover, for e small enough u t fr £ H Ut = 7-L u and, as it is clear from the proof of 
Theorem [I] it must bc 

E p (u t>00 ) < E p (u t ,e) < E p (u t ) = E p (u). 
This contradicts ^ and concludes the proof. □ 

Remark 9. The p-harmonic general comparison theorem we have just proved docs 
not recover completely Theorem [5J First, due to the bad behaviour of the p-tension 
field with respect to the Riemannian product, here the map Mxl->JV given by 
(q, t) i-> u t (q) in general is not p-harmonic. 
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Moreover, in Theorems [2] the maps ut giving the homotopy are proven to be har- 
monic also when the target manifold N is non-compact. This is achieved taking 
advantage of the solution to the Dirichlct problem for maps from bounded domains 
in M to non-compact non-positively curved targets N . Indeed, developing the heat 
flow method used by R. Hamilton, [Ham], this result was achieved by Schoen and 
Yau in Section IX. 8 of |S Y3| . To the best of our knowledge, in the p-harmonic set- 
ting, the Dirichlct problem for maps to non-compact manifolds has not been faced 
yet. 
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